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Si jam fri&ionem et pondus maehinae excludere pla- 
cuerit, habetur prefiio iategra -= A B (a -f ^) a : et fi, 

Aa* + B6 2 
ut in troclea evenitj fupponatur a = £> erit preffio in- 
tegra a- ^iJ (<? + tf )* = 4.AB 
(A + 5) a* A-\- B 

Chriftianus Hee, 

Profeffbr Matbef. etPbjf. Exppim. in Statu NamliHaf- 
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II. An Invejligation of a General Rule for 
the Refoiution of Ifoperimetrkal Problems 
of all Orders. By Mr. Thomas Simpfon, 

jr. K. aj. 

Read ]«. .9, rip HE difent fpeeies of problems 
17 X comprehended under the name of 

Ifoperimetrkal ones, are of much greater extent 
than the name imports *, finee, not only the deter- 
mination of the greatefl areas and folidt, under 

equal 
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equal perimeters or bounds (whence the name is de- 
rived), but whatever relates to the Maxima and Mi- 
nima of quantities depending on a line, fpace, or 
body, whereof the figure is unknown, is, by ma- 
thematicians, included under that denomination, 

But notwithftanding the ufefulnefs and great ex- 
tent of this fubjed:, nothing (that I know of) had 
been done thereon farther than the refolution of cer- 
tain particular cafes (fuch as finding the line of the 
fwifteft defcent, and the folid of the leaf!: refiftance), 
'till the celebrated mathematician M c Laurin, in his 
treatife of fluxions, gave the inveftigation of an ele- 
gant and very eafy method, whereby the principal 
problems belonging to the firfi order may be re- 
folved. 

The paper I have now the honour to lay before 
the Society contains farther improvements on this 
fubjeft: as it is by far more general than any thing 
yet offered, and is drawn up with a view to obviate 
the difficulties attending the refolution of a very in- 
tricate kind of problems, and thereby to open an 
eafy way to fome very interefting inquiries in natu- 
ral philofophy, I cannot doubt of its meeting with a 
favourable reception. 

Lemma I. 

Fig. i. At any given points I>, G, 7, £, in a right- 
line A L 9 fuppofe perpendiculars to be eredted ; 
and from any other given points <:, f y b, k y at equal 
diftances (c D\ fG\ bT, k L\) from the faid 
perpendiculars, refpedtively, conceive right-lines 
c d>fg> b h k /, to be drawn, to terminate fome- 
where in the faid perpendiculars > let i>>, R, *S, T, 

denote 
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denote any quantities exprefled in terms of A C, 
c Z>', and D 'd, (independent of C c) and Jj£, R' t 
S', jT, as many other quantities afle&ed in the 
very fame manner with A F, /G', and G'g; and 
let 31', R\ S", T', and %?, R", S"', 2*', be quan- 
tities, {till, exprefled in the fame manner, in terms 
of A fi, hi, I i, and AK t k L\ L't, refpedtively : 
'tis propofed to find an equation exprefling the 
relation of the indeterminate perpendiculars D'd y 
G'g, It, L'l, fo that the quantity %J-Z+%!+GC 
may be a Maximum or Minimum, at the fame 
time that the values of the other quantities R + 
r> 4. R" + jR ", S + «$' + S" + S'", and T + T + 

T> + T\ are given, or continue invariable. 
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Put £>'</= a, G'£ = /3, ri=s.y, Z//=<T; and 
let the fluxion of .§, (fuppofing « variable) be de- 
noted by qa, that of R, by r«, &c. &c, then, fince 
{by the nature of the propofition) the fluxion of 
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£*+ R'\ S -J- S' + ,?" +-S"' t &t. muft be e^ual to 
nothing, we therefore 

Ua4-^/3*+/"y+ / '"< JV *=° 

In order, now, to exterminate the fluxions «, j3*, 
y, <^', let thefe equations be refpedtively multiplied 
by i, e>f> g, (yet unknown), and let all the products 
thence arifing be added to gether, whence will be had 

g + er +fs + g~lxcL + q' + e r' +f s' ^"JF*! * 

+q"+er" +J s" + g t" x y + ?""+ < ^+7 *"W 

X <^* = O, 

Make, now, y' + * r' -f />' 4- £ / r ^ o 

From whence (there being as many equations as 
quantities, e> f, g, to be determined), the values of 
thefe quantities will be always given in terms of q\ 
r' r s\ &c* that is, e y f, g y will always be reprefented 
by quantities depending on q\ r, s\ &c. (or on A F, 
G'g> &c.) exclufive of q> r, 5, /, (or of AC and 
D' </), which have nothing to do in thefe laft equa- 
tions. 

But, beeaufe all the terms of the equation 

q-\-er+Js+gtXa- J rq' + er' -f / s -J- £ /' x /3*, 

Sfc. = o, after the firft (q + * r -\~fs -j-gt*d) do 
vanifh (by their coefficients being made equal to no- 
thing), it is evident that, q + e r -j~fs -f- gt muft 

alfo be = o : which is an equation expreffing the 
general relation o£AC y c D', and D'</> with regard 

to 



to the other proofed quantities A F, fG\ G'g, &c. 
whereon the coefficients e>f y g> depend: and this 
relation will, evidently, continue the fame, at what- 
ever diftances from the line A L> the points c,/, h, k, 
are taken, as thefe diftances have nothing to do in 
the consideration, all the propofed quantities (as well 
the ^'s as R% &c) being (by hypothefis) txpreffcd 
in terms Intireiy independfeiit there^. 

Lemma II, 

Fig. » Upon a pen right-line St, fuppofe per- 
pendiculars Bb $ Cc t Dd, &c, to be ere&ea at 
equal diftances $ and upon the fame line B £, as 
a bafe, fuppofe a polygon Bbc defghiklL to 
beconftituted, having its angular points b f <r, </, 6fr. 
pofited in the faid perpendiculars $ let y denote the 
diftance of any of thefe perpendiculars (Cc, Dd, 
&c.) from any given point A> in LB produced; 
and, fuppofing ^C* £JD'> dE 1 , &c+ to be dravwi 
parallel to A B, let the bafe of any of the little 
triangles bCc, c D' d> &c. be reprefented by y, 
and the perpendicular correfponding by i (j be- 
ing given, or the fame, in every triangle, and A 
indeterminate) : then, fuppofing ^ R, S, % to 
denote any quantities expreffed in terms of y, 4> 
and * 9 it is propofed to find an equation exhibit- 
ing the general relation of the quantities y^ j, and 
^, fo that the fum of all the y j^*s (refulting from 
the feveral triangles) may be a Maximum or Mini- 
minn, at the fame time that the fums of all the 
JR% y£% &a are given quantities. 

Becaofe 
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Becaufe the values of the quantities y ^ yR, y S § 
y 7", depending on the different triangles bC c 9 cD'd % 
&c. are fuppofed to be no-ways afte&ed by the di- 
ftances (Bb y CV, &c.) of the bafes of thofe triangle?, 
from the bafe B L of the polygon, it is evident, that 
thofe values may be changed, by altering the fpecies 
of one, or more, of the faid triangles at pleafure, 
without any- ways affecting the values depending on 
the other triangles : for another polygon L B 1 2 3 4 f , 
&c. may be fo defcribed as to have all its fides, re- 
fpe&ively, parallel to thofe of the former, except- 
ing only thofe (2$, f6, 78, 910) you would have 
to be different : fo that the whole variation in the 

Vol. 49. C feveral 



feveral fums (whether of the jJj^'s, yR\ or y S"s f 
&c.) will depend intirely upon the difference of the 
particular triangles 2^3, cD'd; jf *6, /G'#, £?c. 
afligned. 

Since, therefore, the values of the y ^s, j> JR's, y *S"s, 
Gfr. may be varied, at pleafure, by altering the fpe- 
cies of any number of oorrefponding triangles (2 <? 3* 
cD'd} St6,fG'g; ywSyhl'ii 9 y 10, kL'l)> 
while the other triangles, and the values depending 
on them, remain the fame, it is manifeft, that, when 
the fum of the y jj^s, anfwering to all the triangles, 
is a Maximum or Minimum, the fum of any num- 
ber of them, taken at pleafure (other things re- 
maining the fame), will likewife be a Maximum or 
Minimum ; and, confequently, that the fum of as 
many ^s will, at the fame time, be a Maximum or 
Minimum, becaufe y is every-where the fame, or a 
conftant quantity. 

Hence, if the confltudfcion of the preceding Lem- 
ma be retained (fuppofmg all the ^s, R\ S'$, 
&c. to be here expreffed as before, in terms of 
AC, cD f , and T>' d, &c.) it is plain that the 
fum of all the ^'s, (or of the y J^'s), depending 
on the faid particular triangles (and confequently of 
all the y §£$ in general), will be a Maximum or Mi- 
nimum, when the general relation of y, y> x, (or of 
AC, cD' y D f d>) is expreffed by the fame equation 
q -J.. e r -\-fs -j- g t = o, there determined : in which 
q, r, s, /, reprefent the fluxions of J^, R> <S, T y di- 
vided by that of x (= a = D'4), and wherein the 
coefficients &>f,g, will be conftant quantities; be- 
caufe it is proved that their values depend intirely on 
the triangles / GV, hl'i y kL' l> which remain the 

fame, 
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fame* let the perpendicular (or ordinate) Cc be 
taken at what djftance you will Fr0m the given point 
A\ that is* let y ftand for which, you will of the 
diftances AB> AC k AD> &c* j^ E. I. 

Corollary, 

If the fides of the polygon be defgh^ &c. be 
diminifhed, and their number increafed in infinitum , 
the fum of all the y ££$ will (it is well known) be 
expreflfed by the fluent of y%j the fum of all the 
y R$> by the fluent of y R 9 &c. whence it follows, 
that, to have the fluent of j)^(anfwering to a given 
value of y) a Maximum, or Minimum, and the 
fluents of yR>y$,&c. at the fame time, given 
quantities, the relation of y % y> and x, muft be de- 
fined by the equation q + e r -\-fs -jrg t = o, above 
exhibited ; q , r, j, &c. being the refpeftive fluxions 
of J^> R, S, &c. divided by that of a; (or jk) ; this 
quantity x, or x, (in finding the faid fluxions) being, 
alone, confidered as variable. Hence we have the 
following 

General Rule. 

For the refolution of Ifoperimetrical Problems, of 
all orders, take the fluxions of all the given ex- 
preflions (as well that refpedting the Maximum, 
or Minimum, as of the others whofe fluents are 
to be given quantities), making that quantity (ic) 
alone variable, whofe fluent (*) enters not into 
the faid expreflions; and, having divided every- 
where by the fecond fluxion (x) 9 let the quanti- 
ties hence arifing, joined to general coefficients, 

C 2 h'xfjf* 
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*>?>/*£> $V* (whbfe values will depend on the 
values given, and may be either pofitive or ne- 
gative), be united into one fum, and the whole 
fee made equal to hothing $ from which equation 
the true relation of x and j>, and of x and y> will 
Bfc given, let the number of reftri&ions be what 
it will, 

For an example of the general Rule here laid 
down, h. the flax™ given be ** ,nd *, «he 

yy 

fluent of the former, eorrefponding to any given va- 
lue of y, being to be a Minimum, and that of the 
latter, at the fame time, equal to a given quantity. 
Here, taking the fluxions of both expreflions (making 
*, alone, variable), and dividing by #, the quantities 

refulting will be ^ — and i ; fo that, in this cafe, 

yy 

we have — — + e = o, and therefore x.= a* y — * i 

yy 

(fuppofing a == — ^ e). From whence, by taking 

the fluents, x = 1 a*y*> or x 1 — 4 ay, an equation 
anfwering to the common parabola. 

If the abfeiffe of a curve be denoted by x y and the 
ordinate by y, it is known, that the feveral fluxions 
of the abfcMfe, curve-line, area, fuperficies of the 
generated folid, and o f the folid itfelf, wil l be repre- 

fented by x, Vxx-j-yy, ySc, 2 pyV&x-\- y y, 
and py % * refpe&ively : if, therefore, the fluxions of 
thefe different expreffions be taken as before (making 

x, alone, 
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*V alone, variabfe), we fliall get I 4- ■ ,;.',■ "/* g~ 

V x x-f- y y 

equation for determining the relation of x and j 9 
when any one of the faid five quantities (viz. abfcifle* 
curve-line, area, fuperficies, or folid) is a Maxi- 
mum or Minimum, and all, or any number of th» 
others, at the fame time, eqpal to given quantities ; 
wherein the coefficients ej\ g, and b 9 may be either 
pofitive or negative, or nothing, as the cafe propofed 
may require. Thus, for example* if the length of 
the curve, only, be given, and the area correfpond- 
kg is required l bet Maxim™, our equation' W ul 

e x 

then become - y ■■ ==. 4- fy = o, or a* x % »>* x 

V x x ~f- y y 



f by making a = — ^ ) 



^§^, aud confequend, „-._•„_,* 

or?tf# — * a =jp*, anfwering to a circle $ which 
figure* therefore, of all others, contains the greateft 
area, under equal bounds* 

If together with the ordinate (which, here, is always 
fuppofed given) the abfcifla, at the end of the fluent, 
be given likewife, and the fuperficies generated by 
the revolution of the curve about its axis be a Mi- 
nimum; then, from the feme equation, we have 
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& y 

# is found = j=rs=sz ' — • and, ftom thence, x as 

Vyy r—aa 

* * hyp. log. £ ^ — 5 which equation, be- 
ing impoflible when y is lefs than a, (hews that the 
curve (which is here the Catanaria) cannot poffibly 
meet the axis about which the folid is generated \ 
and, confequently, that the cafe will not admit of any 
Minimum, unlefs the firft, or leaft given value of 
y exceeds a certain aflignable magnitude. 

When any, or all of the above-fpecified quantities 
are given, and the contempory fluent of fome other 

n m I — 2 « 

expreflion, as *x-j-j) j/[x^x^ is required to be a 
Maximum, or Minimum ; the equation (by taking 
the fluxion of this laft expreflion, and joining it to 
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the former) will then be x x-j- y y\ *2nxy y 

ex g y x 

+ j+ zr^^rr^^+fy + a7^t = ^ : + h y % = ° > 

Vxx-{-yy v X%-\- y y 

which, when m= i, and n s= — i, will be that de- 
fining the folid of the leaft refiftance* and this, 
when the axis only is fuppofed to be given 
(without farther reftridtions) will be exprefled by 

xx-\-yy\ x~2x^^ 3 + ^— o, or zyy*x=: 



d% xx*\- yy\\ being the cafe, firft, confidered by 

Sir Ifaac Newton. If both the length and the 

folid content be given, the equation will be 
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2 *yy z x **+ y y\ +^+^^*==oj but if, 

befides 
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befides thefe, the fuperficies is given Hkewife, it will 
then be— 2 Ay j> J xxx + y y\ 4" » + r pr = '■' ' - 

Thus, in like manner, by afluming m = — i % and 
fl = 4, we have y ; ■ === ~f d+ -7======.+ 

o* y £ 

fy + " ; = = + hy % = o, for the general equa- 

V xk-\- y y * 

tion of the curve of the fwifteft defcent ; which, 
when ef y g > and h, are, all of them taken equal to 

nothing, wiH become r^, + * which i S the 

V x x 4- y y 

cafe, confidered by fo many Others, anfwering to the 
cycloid. When the length of the arch defcribed in 
the whole defcent (as well as the values of x and y) 

t 

is given* the equation will then be •■ ~ == = == 

V # X -{- y y 

g *jj* ■ ■ 

-^*d-\~ y ; ;. — = 0, or e *— y~*r x A 2 = d z 

^mmmmmmmmmmmmmimmmmmmmm 

x *rx 4. jj/j^. And thus may the relation of x and ^ 
be determined, in other cafes, and that under any 
number of reftri&ions. 



Ill 



